We have dramatically extended the zero field susceptibility series at both high and low temperature of the Ising model on the triangular and honeycomb lattices, and used these data and newly available further terms for the square lattice to calculate a number of terms in the scaling function expansion around both the ferromagnetic and, for the square and honeycomb lattices, the antiferromagnetic critical point.
Introduction
A decade ago a number of the current authors reported on a substantial extension of the square lattice Ising susceptibility series to some 300 terms [3, 4] . We found breakdown of the simple scaling picture that assumes the absence of irrelevant scaling fields. The first breakdown, which was identified with the breakdown of rotational symmetry of the square lattice, occurred at O(τ 4 ), with τ to leading order proportional to the temperature deviation from critical, T −T c . A second breakdown was identified at O(τ 6 ), ascribed to an additional irrelevant variable. At the time it was foreshadowed that the corresponding calculation for the triangular and honeycomb lattices would be necessary in order to distinguish between lattice effects and more fundamental breakdowns intrinsic to the model.
In this study we report on the derivation and analysis of triangular and honeycomb lattice series to more than 300 terms, followed by a calculation of the corresponding scaling functions. Our numerical work is of sufficient accuracy that we can unambiguously identify the same irrational constant, that appeared at O(τ 6 ) in the square lattice scaling function and was ascribed to a second irrelevant variable, as a contribution to O(τ 6 ) in both triangular and honeycomb lattices. Furthermore, we find another irrational constant common to all lattices at O(τ 10 ) which can be ascribed to yet another (third) irrelevant variable. These results clearly indicate aspects of universality in the susceptibility beyond those found at leading order.
A limited selection of our results which are the basis for these remarks on universality are given in the immediately following text while the very extensive complete listing can be found in the appendices. In subsequent sections we elaborate on the results below and give details of how they were obtained. Specifically, in section 2 we put our results in the context of scaling theory and speculate on the identification of our correction to scaling terms with the operators of the conformal field theory that describes the Ising model. Section 3 describes how the series expansions were obtained from the quadratic recurrence relations for the Z-invariant Ising model specialized to the triangular/honeycomb system. In section 4 we describe some of the series analysis details, in particular those aspects that differ from what was done in [4] .
Our numerical work indicates that the reduced susceptibility on any lattice near the ferromagnetic critical point (for T > T c or T < T c ) is given by 1
where B is the contribution of the "short-distance" terms and includes an analytic background. It is of the form
with the b (p,q) the same above and below T c but, of course, different for each lattice. The temperature variable τ is simply related to the low-temperature elliptic parameter k (≡ k < ) 1 The notation here differs from that in [4] and the earlier literature in that for a common treatment of all lattices it is convenient to absorb a factor (2Kc √ 2) 7/4 into the definition of C0±, cf. equation (6) vs. the appendix in [4] .
by the same expressions τ = 1 2
for every lattice. The elliptic parameter k depends on the lattice; we have, with K = J/k B T , k sq = 1/s 2 , s = sinh 2K sq , square,
, u = exp (−4K tr ), triangular,
, z = exp (−2K hc ), honeycomb.
Duality relates the high-temperature elliptic parameter k > to the low-temperature one by k > = 1/k < or, what is equivalent, by the replacement τ → −τ . Furthermore, since the honeycomb lattice is the dual of the triangular lattice and is also related by a startriangle transformation, we can take k tr = k hc as a common elliptic parameter k < with the u(triangle) and z(honeycomb) then connected by
The C 0± constants in (1) for the different lattices are related as follows. First, we define C 0± as the values for the square lattice, that is 2 C 0+ ≡ C 
as follows from lattice-lattice scaling [11, 12] or Z-invariance [13] . The scaling functions 2 For the calculation of C0± see the footnote on page 3904 in [5] . Here we have used predictor-correctors of order as high as 25. This approach uses the Painlevé III equation of [6, 7, 8] . Alternatively, one can also use the Painlevé V formulation [9, 10] .
through O(τ 10 
We have not yet been able to identify these constants but expect them to be of a similar status to the constants C 0± in (6) which are related to solutions of the Painlevé III [6, 7, 8] or Painlevé V equation [9, 10] . We note that the constants must relate to the expansion coefficients in (2.27) of [14] , which have to satisfy a Painlevé V hierarchy of differential equations and should lead to further coefficients C 12,± , C 14,± , etc. We also note that in (8) we have split off a factor k 1/4 , leaving only even powers of τ in the expansions of F/k 1/4 . The staggered susceptibility at the ferromagnetic point of a bipartite lattice, or what is equivalent, the susceptibility for an antiferromagnet, is given by an expression of the same form as (1) . For the square lattice the F ± | af vanishes; there is only a background B af as found in [4] . On the other hand the Fisher [15] relation
together with (7) and (8) implies that if we define
then
Also,
Equations (12) and (13) have provided significant tests confirming the correctness and accuracy of our numerical analyses.
To the constants C 6± in (9) one could add the same rational above and below T c and, on absorbing this change in other rationals in (8) , leave those equations unchanged in form. A corresponding replacement C 10± → C 10± + rational × C 6± + rational with similar consequences is possible. This non-uniqueness in (8) has been removed by arbitrarily adopting the particularly simple form for F hc ± | af in (12) . Note however that any such redefinitions can never eliminate the irrationals from (8) or (12) and we conclude that this is evidence for at least two irrelevant scaling fields beyond the one breaking rotational invariance and contributing first at O(τ 4 ) to the square lattice susceptibility. Furthermore, the presence of the same irrationals in the scaling functions in (8) is evidence for a universality in terms beyond the leading order. We will elaborate on this in section 2 where, among other things, we make comparisons with the Aharony and Fisher [16, 17] scaling functions.
It is also possible, based on existing results, to derive the reduced susceptibility of the Ising model on the kagomé lattice. This is given by [18, eqn. 2.1] , in terms of the reduced susceptibility of the model on the honeycomb lattice. Further aspects of this connection can be found in [19] . With Q = J/k B T for the kagomé lattice and z = 2/(e 4Q + 1), this equation can be written as
We note that the z variable is the same variable as in (4), pertaining to the interaction strength on the honeycomb lattice that results from reversing the star-triangle and decoration transformations on the kagomé lattice. We can also associate with the kagomé lattice the elliptic parameter and temperature variable associated with the honeycomb lattice, as given in (3) and (4). The average σ i σ j hc nn in (14) is the nearest-neighbour correlation function of the honeycomb lattice, which is a simple multiple of the internal energy. It is given explicitly by eq. (27) below.
As the second term in (14) is a "short-distance" term, it does not contribute to the scaling function F ka ± , which is thus entirely derived from the first term in (14) . By absorbing an extra normalising factor associated with 1 − z 2 into the constant term, we derive
where F hc ± is given in (8) and z c = 2 − √ 3. The two leading terms of χ ka near T c were studied before in connection with generalised extended lattice-lattice scaling [18, 19, 13] .
2 Scaling theory and CFT predictions
Scaling theory
The singular part of the dimensionless free energy 3 of the two-dimensional Ising model satisfies the following scaling Ansatz:
Here g t , g h , g u j are nonlinear scaling fields associated, respectively, with the thermal field τ , the magnetic field h and the irrelevant fields u j . 4 The exponent y t is the thermal exponent, and takes the value 1 for the two-dimensional Ising model, while y h is the magnetic exponent and takes the value 15/8. The irrelevant exponents y j are all negative.
In the language of conformal field theory (CFT), this scaling Ansatz assumes only a single resonance between the identity and the energy. That the dimensions are integers implies that there might be multiple resonances which give rise higher powers of log τ as observed.
We have not included such terms in the scaling Ansatz above, as there are no g 2 t (log |g t |) n terms with n > 1. Following our earlier analysis [4] , Caselle et al. [21] discussed the scaling theory of the two-dimensional Ising model in considerable depth, in particular the conclusions that could be drawn about the irrelevant operators. We discuss this further below.
The nonlinear scaling fields have power series expansions with coefficients which are smooth functions of τ and the irrelevant variables u ≡ {u j }. In particular one has
In the absence of irrelevant fields, the known zero-field free energy imposes the equalities Y + (0) =Ỹ − (0) and Y + (0) = Y − (0). Furthermore, the known solution for the magnetisation, which contains no logarithms, and the known (but not proved) absence of logarithmic terms in the divergent part of the susceptibility impose the constraints that the first and second derivatives ofỸ ± (0) also vanish. That is to say,Ỹ ± (0) =Ỹ ± (0) = 0. Aharony and Fisher [16] have argued, almost certainly correctly, that there are no logarithms multiplying the leading power law divergence of all higher order field derivatives, not just the first two, as discussed. In that case it follows thatỸ ± are constants, and further the analyticity on the critical isotherm for h = 0 requires high-low temperature equality,Ỹ + =Ỹ − . Collecting all this information, we have, for the zeroth, first and second field derivatives of the free energy,
where A, B, C ± and E are constants, the background term A 0 (τ ) is a power series in τ , and the critical exponents are β = 1/8 and γ = 7/4. The free energy and magnetisation determine the scaling field coefficients a 0 (τ ) and b 1 (τ ) which, given our freedom in choice of A and B, can be normalized to a 0 (τ ) = τ + O(τ 2 ) and b 1 (τ ) = 1 + O(τ ). The presence of any irrelevant scaling fields will manifest themselves as deviations in the predicted form of the susceptibility in (18) . 5 To get an explicit expression for the predicted susceptibility in the absence of irrelevant fields we start with the zero field magnetization which is known to be the same function
for all three (square, triangular and honeycomb) lattices. The second equality in (19) follows from our temperature definition (3) and if we use this to solve for b 1 (τ ) in (18) we can reduce the zero field susceptibility in (18) to
where
It only remains to determine a 0 (τ ) from the singular part of the zero field free energy for each lattice to complete the calculation of F ± which we henceforth denote as the Aharony and Fisher scaling function F ± (A&F). It will turn out to be useful 6 to define the following integral, in terms of which the internal energy is defined:
5 According to (2) , the background contribution D(τ ) contains terms with arbitrary powers of log |τ |, which have not yet been interpreted within the context of scaling theory. 6 Identities used can be found in [22] where K is the complete elliptic integral of the first kind. This function is invariant under the high-low temperature change k → 1/k. Useful forms at both high and low temperatures are obtainable from the Landen transformation,
For the subsequent scaling analysis we will require the singular part of I(τ ), which is
We next write the internal energy, per site, in terms of the above integral (22) : For the square lattice,
where f = −βΨ with Ψ the free energy per site. For the triangular lattice,
For the honeycomb lattice,
We can calculate the zero-field free energy by integrating these expressions. In fact we are only interested in the singular part of the free energy, which we normalise by the requirement that it vanishes at T c . With that normalisation, we can write
which is to be compared to f sing = −Aa 0 (τ ) 2 log |τ | in (18) . The C I in (28) is the coefficient of I(τ ) in equations (25)- (27) for the appropriate lattice; the dK/dτ is also to be evaluated with K for the appropriate lattice.
For the square lattice we determine 2(dK sq /dτ )C I = τ / √ 1 + τ 2 so that the integrand in (28) is seen to be explicitly odd in τ and we can identify A sq = 1/4 and the even function a 0 (τ ) For the triangular lattice we find 8(dK tr /dτ )C I / √ 27 = τ − τ 3 /2 + 97τ 5 /256 + . . . = c n τ 2n+1 with the c n satisfying the three term recursion (n 2 + n + 2/9)c n + (2n 2 − 11/18)c n−1 + (n 2 − n − 11/18 − 15/(144(n 2 − n)))c n−2 = 0. The integrand in (28) (32) We can now compare these scaling functions based on the assumption of no corrections to scaling with the observed functions given in (8) . Define ∆F ± = F ± − F ± (A&F); then
The absence of a correction at O(τ 4 ) in F tr ± and F hc ± is expected since the operator that breaks rotational invariance on the square lattice is not present on these lattices. On the other hand Caselle et al. also suggested that because the operator that breaks rotational invariance on the triangular lattice first contributes at O(τ 8 ) there might not be any O(τ 6 ) correction. The clear evidence in (33) of such a correction on the triangular lattice, and indeed on all three lattices, shows that there are corrections to scaling operators in the Ising model that are not associated just with the breaking of rotational invariance. We elaborate on this in the following section.
In a similar manner, we can derive the Aharony and Fisher scaling function for the kagomé lattice. The extra 1 − z 2 term in χ ka arises because the magnetization for the kagomé lattice is given by ([23, eqn. 95 
which replaces (19) . This introduces an extra √ 1 − z 2 factor into b 1 (τ ) and (21) becomes
where the denominator in the first term is a normalising factor with z c = 2 − √ 3 the critical value on the honeycomb lattice. The remainder of the derivation of the A & F scaling function is unchanged, resulting in the relation
In view of (15) and (36), we also know that the deviation of the kagomé lattice scaling function from the corresponding A & F scaling function is identical to that of the honeycomb up to a factor,
Scaling from conformal field theory
This section draws extensively on the paper by Caselle et al. [21] which was written after the appearance of [4] . We adopt the usual notation within CFT. At the critical point, the Ising model is describable by the unitary minimal CFT with central charge c = 1/2. The spectrum can be divided into three conformal families. They are the identity, spin and energy families, commonly denoted [I], [σ], and [ ] respectively. Each family characterizes a different transformation property under the dual and Z 2 symmetries. T denotes the energy-momentum tensor, so TT is a spin-zero irrelevant operator. Each family contains one primary field and a number of secondary fields. The conformal weights of the primary fields are h I = 0, h σ = 1/16, and h = 1/2, and all primary fields are relevant. The secondary fields are derived from the primary fields by applying the generators L −i andL −i of an appropriate Virasoro algebra. L −1 plays a particular role, being the generator of translations on the lattice, and so gives zero acting on any translationally invariant observable. Another important concept is that of a quasi-primary operator. A quasi-primary field |Q is a secondary field satisfying L 1 |Q = 0. This condition eliminates all secondary fields generated by L −1 . As quasi-primary operators are the only ones which can appear in translationally invariant quantities, they played a central role in the analysis of Caselle et al. [21] , and also in our current analysis, as they are the natural candidates for irrelevant operators.
To make the connection between the scaling Ansatz given in eqn. (16) and the discussion in terms of CFT, we first, for simplicity, set y t to its numerical value, 1, and replace the scaling field g t by its leading term τ. Then the terms Y ± andỸ ± in eqn. (16) can be easily expanded. They will involve terms of the form
As the susceptibility is the second field derivative of the free energy, we must retain terms with exactly two factors in the first of the three products above, that is, terms of the form
Recall the prefactor g 2 t ∼ τ 2 before the terms Y ± andỸ ± in eqn. (16) . Including this prefactor, it is clear that all terms of order τ N in the susceptibility are given by all terms in eqn (39) satisfying
The leading term in the susceptibility occurs when there are no or I fields and y σ 1 = y σ 2 = y h = 15/8, giving N = 2 − 15/8 − 15/8 = −7/4, which is the well-known susceptibility exponent. Exponents for other terms in the table rely on eigenvalue exponents given by Caselle et al. [21] , which we summarise in Table 1 . Caselle et al. [21] have produced a list of irrelevant operators and we reproduce combinations of these operators that contribute to χ sq and χ tr together with the primary spin operator σ in Table 2 . Power counting as described in [21] and above and leading to relation (40) , determines when each combination first contributes. Because corrections at O(τ 2 ) in both F sq ± and F tr ± are not observed and similarly corrections at O(τ 4 ) in F tr ± are absent, we adopt the assumption of Caselle et al. that all contributions from combinations of the form 7 σ 2 O I O ε (TT ) n , n > 0, vanish, as well as all descendants of σ 2 (TT ) n , and consequently these entries are excluded from Table 2 .
Because there are multiple operator combinations at most correction levels in Table  2 , a unique identification of correction terms with operators is in general not possible. Thus the following remarks are to be viewed either as pure speculation or at best a set of assumptions consistent with the corrections to scaling that are displayed in (33) . Table 1 : Eigenvalues of various operator combinations that contribute to the susceptibility. The spin-zero and spin-12 operators (unlabelled) contribute to both square and triangular lattices. The spin-4 and spin-8 operators contribute only to the square lattice (labelled (sq)), while the spin-6 operators, labelled (tr), contribute only to the triangular lattice.
1. The corrections observed in (33) are consistent with the conjecture that all operator combinations of the form
are rational multiples of the leading order contribution of O σ . Furthermore these multipliers are the same above and below T c . This makes these contributions particularly hard to distinguish from the scaling fields associated with the leading contribution. For example, the rational coefficient 11/7680 of τ 6 in ∆F sq ± in (33) is very likely a combination of a direct contribution from σ 2 (Q ε 4 +Q ε 4 ) 2 and a scaling field correction from the σ 2 (Q I 4 +Q I 4 ) 2 term, whose leading contribution is at order τ 4 .
2. We identify all irrational corrections with σ-field operators. Specifically, contributions proportional to C 6± with σ(Q σ 3Q σ 3 ) and those proportional to C 10± with σ(Q σ 5Q σ 5 ). The ambiguity in C 6± and C 10± as discussed following eqns. (8)- (12) is relevant in the present context. A part of C 6± might be a rational number associated with σ 2 (Q I 4Q 4 I ) and this would further complicate the interpretation of the 11/7680 coefficient of τ 6 described in item 1. is the difference seen in the F ± scaling function on the kagomé lattice as seen in (36) . Table 2 : Operator combinations contributing to the susceptibility. The N values in the first column specify the leading contribution |τ | −7/4+N to χ sq and χ tr or |τ | N to F sq ± and F tr ± of the corresponding entries in the second and third columns.
It is the equality of F ± on the square, triangular and honeycomb lattices to O(τ 3 ) that is to be considered as "accidental" and not generic.
4. The very particular structure of the short-distance terms, given in (2) is not explicitly predicted by CFT. Rather, since the primary logarithm, responsible for the specific heat behaviour, is due to a resonance between the thermal and identity operator [21] , we might expect additional multiple resonances, giving rise to higher powers of logarithms. These are indeed observed, but it does not appear to be possible to associate particular operators with these terms-at least not by our naive method of just power counting.
5. Table 2 shows two new distinct σ-field operators at order τ 12 . If, as we have conjectured in item 2, each is associated with a new irrational C ± then we can no longer make any unique identifications as we did for C 6± and C 10± . For all terms in F ± beyond τ 10 we are left only with the numerical coefficients tabulated in appendix A.
3 Generation of series
Quadratic recurrences and Z-invariance
The algorithm deriving the susceptibility series for the isotropic square lattice Ising model [4] , with k = sinh 2 (2βJ), was rather simple using [24] 8
with the asterisk denoting the corresponding quantities on the dual lattice with the dual temperature obtained by replacing k → k * = 1/k. Series for the pair correlations can be solved iteratively using the series for C(1, 0) = C(0, 1) and the diagonal correlations C(N, N ) and C * (N, N ), which in turn follow from the well-known C(0, 0) = 1 and C(1, 1) by the Painlevé VI type iteration scheme of Jimbo and Miwa [9] , or with a little more work from the well-known Toeplitz determinants [28] . 8 For the uniform rectangular Ising model, using the methods of their lattice-Painlevé III paper [25] , McCoy and Wu [26] have generalized (41) to the so-called λ-extended version, in which the coefficient of λ j in C(M, N ; λ) is the j-particle contribution to the pair correlation function C(M, N ). Equations like (41) also exist for n-point correlation functions [27] . For the isotropic triangular and honeycomb lattices the situation is far more complicated. We have used the generalization of (41) for general planar lattices [24] , together with Baxter's Z-invariance [29, 30] as was first numerically implemented in [31] . More specifically, consider the situation in Figure 1 : The Ising model on the triangular lattice (black circles in the figure) and its dual on the honeycomb lattice (open circles) are Zinvariant in the sense of Baxter [29] , with rapidity lines forming a kagomé lattice (oriented dashed lines). 9 To get the isotropic cases we need to choose the three rapidity values as
with k = √ 1 − k 2 and K(k) the complete elliptic integral of the first kind. The interaction constants K = βJ are chosen as a function of the two rapidities passing through the bond and the directions of these rapidities, following the prescription of Figure  2 , and as a function of the temperature through the low-temperature elliptic modulus k. More precisely,
where the high-temperature elliptic modulus and sinh(2K * ) sinh(2K) = 1, we have sinh 2K
sinh 2K
For the triangular lattice we have (44) with u − v = K(k )/3 or (45) with u − v = 2K(k )/3, whereas for the honeycomb lattice (44) with u−v = 2K(k )/3 or (45) with u−v = K(k )/3. Therefore, it is easy to see that the resulting interactions are isotropic for both lattices.
As the correlation functions only depend on differences of the rapidities, we can add an arbitrary common constant to all of them [29] . Changing the direction of a rapidity line is equivalent to adding ±K(k ) to its rapidity [30] . Together with (43) , these two properties show that we have invariance under a rotation by 60 • for the rapidity lattice, implying the required rotation invariance over 60 • for the pair correlations on the triangular lattice (or over 120 • for the honeycomb lattice). In addition we have several reflection properties.
Most importantly, Baxter's Z-invariance implies that the pair correlation functions, apart from their dependence on the modulus k, only depend on the rapidities that pass between the two spins [29] , where we have to make all rapidities pass in the same direction by adding the above ±K(k ) to a rapidity that passes in the opposite direction [30] . Thus we only need to determine universal functions g(u 1 , · · · , u 2m ; k) and g * (u 1 , · · · , u 2m ; k) giving the pair correlations on the lattice (T < T c ) and the dual lattice (T > T c ). 10 These functions are invariant under any permutation, or under simultaneous translation by a same amount, of all rapidities [29] . As the rapidities u j can only take the three values (43), we find it convenient to introduce the abbreviations [31] 
counting the number of u j 's equal u, v, and w. The symmetry under the interchange of N u and N w in (48) corresponds to a reflection symmetry that holds in the isotropic case (43) . Another reflection symmetry gives
and similar relations hold for g * ; these are also reflection symmetries for the uniform anisotropic square lattice case represented in Figure 3 . Now we can invoke the quadratic recurrence relations [24] in the form [10] ,
where the dots indicate the other rapidities and the modulus that are left unchanged. Eqs.
(51) and (52) are each other's dual-as is obvious comparing with (44) and (46)-and they can be solved by iteration, once we know the functions g and g * for the two cases with all or all but one of the rapidities equal. Such correlation functions are known under the names diagonal and next-to-the-diagonal correlation functions for the square-lattice Ising model. An iteration scheme for these is given by Witte [33] , which we adopt with some modifications. 11 Let us introduce the abbreviations 12
for the needed square-lattice correlation functions, together with
for T < T c , and
for T > T c . Eqs. (54)-(56) define the rescaled complete elliptic integrals and the hyperbolic sines and cosines of twice the horizontal and vertical reduced interaction constants in terms of elliptic modulus k. Here K a is also the reduced interaction energy K tr of the triangular lattice and K b is the K hc of the honeycomb lattice. Duality between low-and high-temperature phases is described by the replacements
It is easy to check that the dual of the dual gives the original quantities back (X * * = X).
11 In [33] a single modulus k with 0 < k < ∞ is used necessitating definitions such as K< = K(k) and E< = E(k) for k < 1 (T > Tc) and K> = K(1/k) and E> = E(1/k) for k > 1 (T < Tc). Here we opt for two definitions of k to keep 0 < k < 1 (cf. (54)). Elsewhere we also adopt a single k; in (3) and (4) our k, ksq, ktr and k hc are to be identified with 1/kWitte and have been chosen this way because of our numerical work for which low-temperature expansions have some advantages. 12 Here we use the convention of [28] that in σM,N M is the vertical and N the horizontal coordinate. In many other works, including [33] , the opposite convention is used.
In general, the nearest-neighbor correlations of the square lattice involve the complete elliptic integral of the third kind Π 1 (n, k) [28, 30, 31, 33] , 13
for T < T c , and 14
for T > T c . However, because we have K a = K tr , K b = K hc and the dual/star-triangle relation (5) or equivalently
these correlations y 0 and z 0 (and also y * 0 and z * 0 ) are also the nearest-neighbour correlations of the isotropic triangular and honeycomb lattices. This in turn means they only involve the complete elliptic integral of the first kind [34, 35, 36] .
To make this more explicit, use [37] 
is Jacobi's Zeta function and [38] 
When a is a rational multiple of iK(k ), say a = miK(k )/n, then Z(a, k) can be expanded in powers of q 1/n . It can even be calculated in terms of K(k), S a and S b using the addition formula [37, 38] Z
and
Setting
Here, using Jacobi's imaginary transformation [38] ,
Therefore,
Results (72) and (73) differ by duality as defined in (57) and (58). We next rewrite (72) and (73) using (63) or alternatively using K a = K tr and K b = K hc with the explicit connections to u and z given in (4) and (5) . 15 With the latter we obtain
15 Cf. also (106) and (107) in the following section.
which can be compared directly with the internal energy results in Table I of Houtappel [34] . 16 These results are also the basis for our (26) and (27) ; the equality follows by using (22) and the low-temperature Landen transformation from (23) to yield I(τ ) = 2 √ k K. We can also rewrite (44) and (54) of [33] . Then the first few square-lattice correlations in the low-temperature phase are
whereas the corresponding quantities in the high-temperature phase are
These results are fully consistent with duality defined in (57) and (58). In addition, we have z * 0 = C a − S a y 0 and y * 0 = C b − S b z 0 , in agreement with (11) in [24] . Witte's initial conditions, (40) and (42) in [33] , can be rewritten as 16 The results of Wannier [35] and Newell [36] differ by Landen transformations [38] 
Then further quantities can be found systematically using
and the identical equations for r * j andr * j , see (38) and (39) in [33] . The further diagonal and next-to-the-diagonal correlations follow using
and their dual versions obtained by replacing all quantities by their * versions. These last few equations can be found combining (31), (36) , (59), (63) and (64) of [33] . For the current purpose one only needs z n and z * n for n = 0. We have now all equations from the square-lattice Ising model needed to generate g and g * with all or all but one of the rapidities equal in a form that makes the lattice symmetries and duality manifest. Thus we can now construct a "polynomial-time" algorithm for the high-and low-temperature series coefficients for the susceptibility of the isotropic Ising model on triangular, honeycomb (and kagomé) lattices. For efficiency of the algorithm, we desire series with only integer coefficients. Series in the low-temperature u = exp(−4K tr ) are certainly acceptable; because the coefficients in these series can be reduced to lattice counts, they are necessarily integer. A useful alternative in the square lattice case [4] was the elliptic parameter k. The corresponding alternative here suggested by the k tr (u) relation (4) 
and although the rationals in (95) can be eliminated by the changek →k/3 the coefficients in any correlation function series ink will grow unacceptably rapidly. A third alternative is expansion in q 1/3 where q is the elliptic nome. This is suggested byk = (k 2 /16) 1/3 and the known expansion k 2 /16 = q − 8q 2 + . . . . All our elliptic functions have natural expansions in terms of the elliptic nome
using Jacobi theta functions, i.e.
[38]
Also, from (55),
using Jacobi's imaginary transformation. In terms of theta functions,
with
From the above we expect to end up with expansions in the nomē
and this is the good expansion variable that we used. 17 For expansions in terms of the nome it is also advantageous to break the symmetry defining
and similar for r * j andr * j , in order to avoid square roots of the nome.
Alternative expressions
The functions sc(
have an algebraic representation in k which one can obtain by expanding identities such as cs
Note that R is self-dual, i.e. invariant under the replacement k → 1/k, while sc(
If we take k = k tr , the low-temperature elliptic parameter (4), then one can verify 1
where in (107) we have used (5) for u(z). In this way we confirm directly from (104)-(107) and the definitions (55) that K a = K tr and
The expansions in the (cube root) nomeq = exp(−πK /3K) described in the preceding section can be applied to (C a − S a ) 2 to give directly u = u(q). We obtain the formula
which explicitly shows u(q) is an integer series. Whether correlation function series in u or q will show the slowest growth in the magnitude of the series coefficients depends on the singularity structure of the correlation functions. Now the correlation functions as series in u have radius of convergence 1/3 governed both by the ferromagnetic singularity at u = 1/3 and an unphysical singularity at u = −1/3. There are other more distant complex singularities and what we have found numerically and describe in section 4.2 is that there is a close analogy with the singularities on the square lattice. Indeed we conjecture that |k tr | = 1 is dense with singularities and part 18 of a natural boundary for the triangular lattice. Now the circle |k tr | = 1 maps to arcs in theq-plane with distance to the origin bounded below by exp(−π/3) = 0.3509 . . . and it is this distance that fixes the radius of convergence of theq series. It implies that asymptotically in N we have terms of magnitude 18 For the complete natural boundary see Figure 5 in Section 4.2.
∼ 2.85 NqN compared to ∼ 3 N u N . As an example of what we observe in practice, the coefficients in the series expansion of the low-temperature triangular lattice susceptibility are, at the largest N we have available, dominated by a single u-plane singularity pair u − (1 ± 2i)/5 13/2 giving aq series coefficient dependence of magnitude ∼ 2.78 N /N 15/2 .
In conclusion, there is coefficient size reduction in going from series in u toq but it is not dramatic.
Computational details
As discussed in subsection 3.1 the calculation of the triangular and honeycomb lattice susceptibilities as high-and low-temperature series of length N requires as an intermediate step the calculation of two triply indexed arrays g and g * . That is, we are dealing with O(N 3 ) elements, each element being a series of length N with integer coefficients whose (digit) size increases linearly with N . Fortunately this O(N 5 ) memory requirement can be circumvented by a careful sequential arrangement of the calculation and the description of this with emphasis on the storage structure we have implemented is the content of this section.
To begin the discussion we show in Figure 4 the i, k, j triples indexing the correlation functions C( R) ≡ g(i, k, j) at the triangular and honeycomb lattice sites on the minimum sector necessary for obtaining the susceptibility. To obtain these triples refer to Figure  1 and let N α be the number of rapidity lines of type α between the origin and site R. Then the rules given in Section 3.1 can be summarized by saying that if R is in the π/3 sector above(below) the horizontal through the origin then g(i, k, j) = g(N v , N u , N w ) (= g (N v , N w , N u ) ). Clearly if R is on the horizontal, N v = 0 and N u = N w . If at least one of i, k, j is zero then the corresponding g is also a correlation function on the anisotropic square lattice. For example, if i = 0, then in g(0, k, j) we can identify j = n x and k = n y where n x and n y are the Cartesian coordinates of sites in the first quadrant of the square lattice obtained by rotating that shown in Figure 4 clockwise by π/4. In the fourth quadrant of this rotated lattice g(i, 0, j) = g(−n y , 0, n x ). With the exception of g(1, 0, 1) only elements g(0, n y , n x ) are needed as initial conditions for the recursion relations for the general C( R) on the triangular and honeycomb lattices.
It is worth remarking that the correlations g(0, n, n) on the triangular lattice diagonal can be calculated as Toeplitz determinants [39] and we have used this as an important check of our computations. We also note that of the symmetries (48) and (50) satisfied by the g(i, k, j), two in particular that we use below are g(i, k, j) = g(j, k, i) and g(0, k, j) = g(0, j, k).
One observes in Figure 4 that within each "shell" N s , that is, sites between lines N s − 1 and N s , the central k index is either 2N s − 2 or 2N s − 1. It turns out that with a few exceptions, an array at fixed k can be computed from elements in an array with index k − 1. Proceeding sequentially through "shells", or equivalently k, reduces the memory requirement from O(N 5 ) to O(N 4 ). It also has the advantage of allowing the calculation Figure 4 . A /3 section of the triangular/honeycomb lattice. Small triangles mark the triangular and even honeycomb lattice sites. Numbers are the i,k,j indices of the g and g* correlation functions. Lines labeled by N s are the boundaries of the "shells" described in the text. The inset shows the g and g* labeling of sites on the anisotropic square lattice. Vectors are the directions of the rapidity lines on the two lattices. Dashed lines labeled x, y and z indicate the diagonal and near diagonal elements calculated by the Witte recursion relations described in section 3.1. Note that the two lowest rows on the square correspond exactly to two rows on the triangular lattice. Figure 4 : A π/3 section of the triangular/honeycomb lattice. Small triangles mark the triangular and even honeycomb lattice sites. Numbers are the i, k, j indices of the g and g * correlation functions. Lines labeled by N s are the boundaries of the "shells" described in the text. The inset shows the g and g * labeling of sites on the anisotropic square lattice. Vectors are the directions of the rapidity lines on the two lattices. Dashed lines labeled x, y and z indicate the diagonal and near diagonal elements calculated by the Witte recursion relations described in section 3.1. Note that the two lowest rows on the square correspond exactly to two rows on the triangular lattice.
to be stopped and restarted if necessary at convenient intervals and makes calculation with an N of several hundred to a thousand practical.
We take the array 19 g(i, k, j) ≡ g k (i, j) indexed-using Maple notation-in the double sequence seq(seq(gk(i,i+2*j),j=0...Ns-i),i=0...Ns) for even k = 2N s − 2 as constituting "shell" N s (a). The array g(i, k, j) ≡ g k (i, j) with odd k = 2N s − 1 and indexed as seq(seq(gk(i,i+2*j+1),j=0...Ns-i),i=0...Ns) constitutes "shell" N s (b). The indexing for both arrays is such that j ≥ i, i + j ≤ k + 2, and satisfies the requirement that i + k + j be even. As a specific example of this indexing, the N s = 3 case is illustrated as (109) We also require linear arrays which for identification purposes we will denote as d k with the even and odd k arrays being distinct. The array d 0 is initialized by elements from the anisotropic square lattice array x described in Section 3.1; d 1 by the corresponding elements from y. In subsequent calculations, d k−2 will be renamed d k and certain elements changed by an in-place replacement determined by the quadratic recursion formulae. Details will be described below; for now it is enough to know that the changes will maintain 110) where arrows indicate physical site elements as in (109). The underlines indicate elements that have been copied, specifically d 0 (n) = x n−1 and d 1 (n) = y n−1 for n > 1. Also, the elements in g 0 are x 0 , x 1 and z 0 while the first two in g 1 are y 0 and y 1 . A special remark is in order for elements d 0 (1) and d 1 (1)-these are equal respectively to d 0 (2) and d 1 (2) because of the symmetry g k (0, j) = g j (0, k). The third element in g 1 is given by
which is a special case of the recursion equation (116). Note that the dual of (111) requires both g ↔ g * and k tr → 1/k tr . This completes the initialization except for combining the physical site elements in (110), with appropriate multiplicity factors, into (summed) correlation functions from which susceptibilities will be determined as a very last step. These functions are chosen to distinguish between even and odd sites; given the initialization (110) we set
Each δg in (112) is the magnetization subtracted g − M 2 which applies only to the lowtemperature variables and not the high-temperature duals.
The recursion in which new g k are calculated starts with k = 2 and N s = 2. In the general case the first element of g k is initialized by copying from d k−2 , specifically g k (1) = d k−2 (1) = g(0, k, k mod 2). We then proceed sequentially from the g k (2) to the final g k (L), L = (N s + 1)(N s + 2)/2, using the quadratic recursion relations for each. Unless forced otherwise, we use only elements from g k and g k−1 to minimize what is kept in memory and this requires that different forms of the recursion relations be used depending on the i, j combination in g k (i, j). In the order used, these are 20 where the (self-dual) multiplier R is given in (105) or, more simply, as R = S b /S a by combining (106) and (107). The j index in these recursion equations increments in steps of two to maintain i + j + k even, a condition that also eliminates (115) unless k is even. Indexing functions are easily established which relate the location of the right hand side elements in (113)- (117) to those on the left; this is a coding detail that we do not give here except to remark that the symmetry g k (i, j) = g k (j, i) may have to be invoked to locate an element. The special element d * k−2 (3) in (114) is g * (0, k − 2, k + 2) which in our construction of the g k−2 array was explicitly excluded from being one of the elements. As an observation on memory requirements, only the first N s elements of array g k−2 are required for implementing (113)- (115) so that most of the memory used by g k−2 could be released before the g k calculation is started. For all further calculations in (116) and (117) only g k−1 need be maintained in memory. In fact with a small location offset of 2N s + 1 the replacement g k−1 → g k could be done in-place and thus reduce memory requirements even further. On completion of the g k calculation in (113)-(117) the g k elements corresponding to physical lattice sites are accumulated into the C and C * as in (112) with appropriate attention to multiplicity.
We must also update the d k−2 array that has just been used in (114) 
to illustrate the changes in the d k as one proceeds through to the completion of "shell" 3 and into "shell" 4. The notation in (118) is as in (109) and (110). Of special note are the underlined elements in d k , k ≥ 2, and the fact that all changes are made in-place. Specifically this means that we first rename
since it is needed both in its original location where it will be overwritten and in a subsequent g k+2 calculation. 21 The second copy is from the just completed g k (N s + 1) to d k (2). The transformation of d k is then completed by a sequence of in-place quadratic recursion transformations of elements d k (n) starting at n = N s + 1 and decrementing to n = 3. Each recursion is given by 22
which is in a form identical to (113) including R from (105)-(107). All operations in "loop" k have now been completed and we can restart the overall cycle begun following (112) after incrementing k → k + 1 and, if the new k is even, N s → N s + 1.
On completion of all recursions, high-and low-temperature susceptibility series are generated from the C and C * as follows. The triangular lattice susceptibility for T < T c is given directly as
while that for the honeycomb follows from the duality/star-triangle transformation (5) and is
Note that both odd and even sites contribute in (121) with the sum for the ferromagnet; the difference for the antiferromagnet. The results for T > T c follow by duality and are
where v = tanh(K) is the conventional high-temperature variable and K is K tr or K hc as appropriate. All of these susceptibilities agree with the earlier work by Sykes et al. [40, 41, 42] . In our implementation of the above procedure we made full use of Maple's automatic series multiplication routines in full integer arithmetic. This is similar to what was done in [4] for the square lattice and allowed us to reach series of adequate length. However we did introduce several modifications to improve efficiency. First, as also in [4] , when generating high-and low-temperature series the recursions were set up to deal directly with the much 21 There are in general other elements that could be saved for g k+2m , m > 1, but we have opted instead for a small amount of redundancy in our calculation. 22 Once again there is a second member obtained by d ↔ d * and ktr → 1/ktr which must be done before n is decremented.
smaller residuals δg = g − M 2 . As an example of this change, the recursion (117) becomes
in which the magnetization appears only in a denominator factor. A second change was based on the observation that all g * terms on odd honeycomb sites are of the form √ u times series in u. If we define these g * terms asg * k tr and usẽ g * in the recursion relations in place of g * one can eliminate all occurrences of √ u and dramatically speed up Maple's handling of the resulting series 23 . Thirdly, we transformed from series in u to series in the (cube root) nomeq = e −πK /3K . As remarked in Section 3.2, the effect is not dramatic but because the implementation of a variable change is so easy we did take this opportunity for improved efficiency.
For the high-and low-temperature susceptibilities, we generated series to "shell" 160 in about 40 days on a 3 Ghz Pentium processor with 500 Mbyte memory. This gives χ tr (u), χ hc (v) and χ hc (z) to about 640 terms and χ tr (v) to about 320 and these series can be found in [43] .
We have also run the recursion program for series in τ to O(τ 23 ) for the data necessary to determine the "short-distance" terms in χ. Here there is no magnetization subtraction; instead g * (τ ) = g(−τ ) and the code simplifies considerably. It is only practical to run in floating point and we have gone as high as 121 "shells" with an accuracy estimated better than about 500 digits. Another difference from the high-and low-temperature series case is that the correlation data from different shells is not accumulated but rather kept separate so as to allow a fitting procedure completely analogous 24 to that described in [4, Section 6] . Note that there is a distinction between what constitutes a shell for short-distance fitting and the "shells" as defined in Figure 4 . First, a fitting shell contains only one layer each of odd and even sites-not the two shown in Figure 4 -so our data extends to 241 fitting shells. Secondly, we try to keep fitting shells as close to perfect hexagons as possible. Symmetry dictates that we use even sites from a single g k but odd sites are taken from g k if they are below the horizontal in Figure 4 and from g k+1 if they are above the horizontal.
The individual shell values are of little intrinsic interest and are not recorded here. Instead we give "short-distance" terms, which are the output of the fitting procedure, in an abbreviated form in Appendix C and to the full estimated accuracy of our calculations in [43] . To complement the much longer 2042 term high-and low-temperature square 23 The rescaling also has the advantage of eliminating about one-half of all explicit occurrences of ktr in the recursions (113)-(117) and thus reducing the number of required series multiplications 24 One important observation is that the factor √ s that appears in various equations in [4] is now to be interpreted as k 1/4 -it remains as the same function of τ .
lattice series from [44] , we have rerun the code in [4] for series in τ to O(τ 29 ) to 241 shells. Our extended fits confirm the earlier results from [4] and the new output is recorded in Appendix C and [43] as for the triangular/honeycomb data.
4 Extracting the scaling function
Changing the series variable
Once we obtained the high-and low-temperature susceptibility series, we analysed them to extract the scaling function. Firstly, we normalised the series variable so that the ferromagnetic singularity occurs at 1. For example, for the high-and low-temperature square lattice series we use the variables z = s and z = 1/s 2 respectively. We began with short-distance terms calculated from the expansion of the susceptibility in terms of τ as described in [4, Section 6] , and a number of Aharony and Fisher scaling terms which are known to be accurate. These are of the form τ a (ln |τ |) b and τ −7/4+a respectively.
We converted these to series in our chosen variable z in the following manner. First we expressed each of these terms as a series in 1 − z, of order approximately 50, which may be multiplied by (ln (1 − z) ) b or (1 − z) −7/4 . Each term in the 1 − z series was then expanded as a series in z to the full length of the susceptibility series (about 2000 terms for the square lattice, for example), and the results added up to produce a series in z for each short-distance and Aharony and Fisher scaling term. All these series were then subtracted from the susceptibility series. This formed a new series n c n z n , singular at z = 1.
Singularity suppression
The next step involved suppressing the effect of the competing singularities on the series. For the square lattice, the singularities of the susceptibility are given ( [5] ) by the singularities of the N -particle contributions. These lie on the unit circle |s| = 1 at the points s kl = exp(iθ), where
For the low-temperature series, only the even-N singularities are relevant. The asymptotic behaviour of the susceptibility near each of these singularities is given ( [45] ) by (1 − z/z ) p , where z is the singularity and p = (N 2 − 3)/2. This introduced a term into the susceptibility series which behaves asymptotically as n −p−1 (since |z | = 1). This has the potential to dominate the effect of the scaling term τ −7/4+a ∼ (1 − z) −7/4+a for large a, since it introduces a term into the susceptibility which behaves asymptotically as n 3/4−a .
The simplest procedure (which was the one used in [4] ) to rectify this is simply to
In practice, we also suppress the higher-order terms (1 − z/z ) p+a for a = 2, 4, . . ., using the above suppression formula (with p replaced by p + a) for each a. The maximum a that we use varies for each singularity and is determined empirically as described below.
For high-temperature series, only the odd-N singularities are relevant. The asymptotic behaviour of the susceptibility near each of these singularities is given ( [5] ) by (1 − z/z ) p ln(1 − z/z ), where p = (N 2 − 3)/2. These terms can also be suppressed by the same formula (127). This can be seen to be true because applying the same integral operator results in an analytic term for integer p (which is true for odd N ). Again, we suppress a number of higher powers.
In order to determine which singularities should be suppressed and by how much, we apply a Fast Fourier Transform diagnostic, as described in [44, Section 7] . We first do a preliminary fit of the series to our functions, as described in section 4.3 below, and subtract the fit from the series. The dominant unsuppressed singularity in the remainder is expressed by periodic behaviour of period 2π/θ, for a singularity located at exp(iθ). By applying FFT to the remainder, we can observe the periods of the dominant unsuppressed singularities, match these to the known singularities, and increase the suppression on these singularities (by suppressing more higher-order terms). This is repeated until the remainder has a satisfactorily small amplitude.
The analysis of the triangular and honeycomb series is almost identical, though we must suppress the appropriate singularities (see [46] ). For these lattices, it is conjectured that the singularities lie on the curve of Matveev and Shrock ( [47] ),
We further conjecture that the singularities are given implicitly by this equation when x takes the values
To suppress these singularities, we again apply formula (127), assuming that the form of the singularities, and in particular the exponent p = (N 2 − 3)/2, is the same for these lattices as for the square lattice. Partial confirmation of this conjecture arises from the singularities that we observe from our FFT diagnostic as we suppress singularities. We have observed the singularities corresponding to this formula for (k, l, m) = (1, 0, −1) for N = 3 to 8 and N = 10, and for (k, l, m) = (2, 0, −2), (2, −1, −1) for N = 6.
We checked for additional singularities by analyzing both low-and high-temperature series of the triangular lattice susceptibility in the (cube root) nomeq = exp(−πK /3K). Because all complex portions of theq-plane curves defined by (131) are at or within the distance to the ferromagnetic singularity, the high order series coefficients inq will be dominated by the complex singularities. By a succession of suppressions of the dominant terms and FFT diagnostics we have identified the same N = 4, 6 and 8 singularities as found in the u-plane; in addition (k, l, m) = (2, −1, −1) for N = 8 and two singularities consistent with x ≈ −1.21 and -1.35 in (131). The latter singularities are those on the left, upper plane arc shown in Figure 5 . From the T > T c series inq we find the same N = 3, 5 and 7 as in the v-plane, the (k, l, m) = (2, −1, −1) for both N = 5 and 7 and a singularity consistent with x ≈ −1.27 in (131) and shown on the left, lower arc in Figure 5 . The singularities on the left arcs are not identifiable with any small integer values in (132). Thus, although we propose that the closed curve in Figure 5 is a natural boundary for both low and high temperature, we can only give (132) as the conjectured singularities for the right arcs corresponding to x > −1 and |k tr | = 1. Confirmation of this and a formula for the singularities on the left arcs can presumably be obtained by an analysis of the Vaidya ([46] ) integrals.
Fitting
Once all the singularities are suppressed, we fit the series to our scaling functions. We use only terms which are known (or assumed) to be nonzero, and leave out the known (and removed) Aharony and Fisher scaling terms. In other words, we fit to the linear combination
with a 6 , a 8 , a 10 , . . . our fitting coefficients. Firstly, we convert each term in this expression from τ to our series variable z, as described in section 4.1. We then apply the singularity suppression that we applied to our susceptibility series to these fitting functions, so that the required equality between the two functions is maintained even though both functions have been changed by the suppression.
Finally we fit the suppressed series to the linear combination of our suppressed fitting functions. Suppose that the transformed and suppressed fitting function (133) is n f n z n , while the subtracted and suppressed susceptibility series is n c n z n . We choose the amplitudes to minimise the expression
The range of n in the sum can be varied, but we always choose n 2 to be the largest available power of z in our susceptibility series. In addition, varying n 1 will change the fitted amplitudes, which gives an idea of how accurate our fit is. For the honeycomb lattice high-temperature series, we conduct two separate fits, one at the ferromagnetic point (with additional suppression of the antiferromagnetic singularity) and one at the antiferromagnetic point (with additional suppression of the ferromagnetic singularity). In fact we also did this for the square lattice, to check for an antiferromagnetic scaling term. We found no such scaling term, which is consistent with the results in [4] . Once the initial fitting has been done, we can improve the accuracy of our fits by iteratively subtracting the new fit (or fits), re-suppressing singularities (replicating this in our fitting functions) and fitting again to the remainder, and so on.
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C Short-distance terms
Here we give the short-distance "regular" background terms of the form The leading term in B tr above confirms the estimate in (26) of [20] after adding a factor 2 needed because of a difference in conventions.
C.4 Ferromagnetic honeycomb lattice
B hc = (τ + 1 + τ 2 ) as given more fully by (13) and Appendices C.3 and C.4.
